Let A be a Banach algebra. In this paper, we introduce the concept of weak Connes amenability of A. Next, by some conditions, we show that how weak amenability of A (2n) implies weak Connes amenability of A (2n+2) . Finally, we relate this notion to the factorization property of odd duals of A.
Introduction and Preliminaries
An Amenable Banach algebra was first introduced by B.E. Johnson in [3] . This notion also appeared in the work of A.Ya. Helemskii [2] which was published in the same year. Then, different generalizations were developed from this structure by other mathematicians. For instance, Dales, Ghahramani and Gronbaek started the concept of n−weak amenability of Banach algebras in [5] . Other notion from this disscusion, studied by V. Runde in [8] , is Connes amenability of dual Banach algebras.
Let A be a Banach algebra and A * , A * * , . . . and A (n) are the first, second, . . . and n−th dual of A, respectively. For a ∈ A and a ∈ A * , we denote by a a and aa respectively, the functionals on A * defined by a a, b = a , ab = a (ab) and aa , b = a , ba = a (ba) for all b ∈ A.
R. Arens [4] defined two products on the second dual of Banach algebra A and represented them with symbols 2 and 3. These products are defined in three steps: 
For each x ∈ X, we define a map
It is easily seen that D x is a derivation. Such derivations are called inner derivations.
is the Banach space of all continuous derivations from A into X, B 1 (A, X) is the normed space of all inner derivations from A into X. Then the first Hochschild cohomology group of A with coefficients in X is the quotient space
With the above notations, a Banach algebra A is called amenable if H 1 (A, X * ) = 0 for every Banach A−bimodule X. In fact, A is amenable if every derivation from A into X * , is inner for every Banach A−bimodule X. Also, Banach algebra A is weakly amenable (n−weakly amenable) if
* . Note that if A be a dual Banach algebra, then it is not necessary that the predual A * is unique [8] .
For example, if A be an Arens regular Banach algebra, then A * * (with the first Arens product) is a dual Banach algebra with predual A * ; if G be a locally compact topological group then measure algebra M(G) is a dual Banach algebra with predual C 0 (G); or if E be a reflexive Banach algebra then L(E) is a dual Banach algebra with predual E ⊗E * , where ⊗ is projective tensor product. Now, let A be a dual Banach algebra and let X * be a dual Banach A−bimodule. Then f ∈ X * is normal whenever for all a ∈ A, mappings a → a · f and a → f · a be weak In this paper, We will study the weak Connes Amenability of the even duals of an Arens regular Banach algebra A. We will do this work by induction.
Weak Connes Amenability
Let A be an Arens regular Banach algebra and A (2n) be its (2n)−th dual for all n ≥ 0. It is clear that A 0 = A. In this section, we will show that how weak amenability of A (2n) and weak Connes amenability of A (2n+2) are related together. First, we present a general law about normality of modular structures.
Lemma 2.1. Let A be an Arens regular Banach algebra. Then
Proof. Let (a α ) α is a net in A and a ∈ A * . Then, by the Arens regularity of A, we have 
Therefore D is inner and A is weakly Connes amenable. Proof. Proof is similar to proofs of two last theorems.
Theorem 2.4. Let A be a Banach algebra such that every map from
In the next, we can see that weak amenability of an arbitrary Banach algebra implies weak Connes amenability of its even duals. 
For every a, b ∈ A, we havẽ
ThusD is a continuous derivation from A into A * . By hypothesis, since A is weakly amenable, thusD is inner. Then
Considering natural mapping
Therefore D is inner. Consequently, A * * is weakly Connes amenable. 
For every a , b ∈ A * * , we havẽ
ThusD is a continuous derivation from A * * into A (3) . By hypothesis, since A * * is weakly amenable, thusD is inner. Then 
= b (4) a , a (3) .
